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2. Density of states for molecular motions
classical limit: AE << E (microcanonical), AE << kgT (canonical)
2.1 Translational density of states
[1-D (one-dimensional) translation]

a particle (mass m) in a 1-D box (length 1): 4
n=
2 2
eigenvalue: g(n):h—n—2 (n=1,2,3,..) (2.1.1) v 3
8m | 2
. N <> X
density of states: p2 ()= an _¥2m, e (2.1.2)
de h
[3-D translation]
a particle (mass m) ina 3-D box (Ix x Iy x I;) ... independent in x, y, and z directions
( ) 2 (n2 2 n2
eigenvalue: &ln,,n ,n )=¢ +&,+&, =—| 2 +-2L+-1
g x1 ly 1tz X y z 8m |2 I; IZZ
(nw Ny, n,=1,2,3,..) (2.1.3)
dn | Ix
density of states: o (¢)= I” dn, &1y dn, 4, y
s=cté, v, de, de, de,
cE—¢€ 3
( j LLL | jfg g, —¢,)" s, 5 e, =27{“2mJ L 1e (2.1.4)
00 h
Ilyl; = volume:
3
density of states per unit volume: o (¢)= Zﬂ[—'imJ g% =c, & (2.1.5)
[3-D relative translation]
Relative translation of particle A and B: m (mass) —  (reduced mass)
y=—aMs (2.1.6)
m, +Mg
3
o \2
ptra(nSsD) (8) = Zﬂ[TﬂJ 81/2 = Ctrans 81/2 (217)

note:
1-D translation — activated complex in the TST
2-D translation — diffusion of an adsorbed molecule on a surface
3-D translation — reaction producing two molecules

Problem-2.1
1) Derive the expression for the density of states per unit area of 2-D translation.
2) Derive the 3-D translational energy distribution for canonical ensemble (Maxwell-Boltzmann
distribution) at temperature T from equation (2.1.5).
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2.2 Rotational density of states

[Rotational motion] mi
moment of inertia: | :Zmiri2 (2.2.1) fi
i1 I
(m;: mass of ith atom, Ii: distance of ith atom from rotation axis) m
2
rotational constant: B = hzl (2.2.2)
7T
(Rotational symmetry number)
o = number of indistinctive (same atoms are indistinctive) rotational conformation
ex.) o(N2)=2, o(HCI)=1, 6(CO,)=2, o(H20)=2, o(NH3)=3, o(C;H4)=4, c(CH,)=12
(Rigid rotor approximation)
| is constant (i.e., independent on the speed of rotation, the vibrational states, or etc.)
[1-D Rotator] \ /
e.g. intramolecular rotation of H3C-C=C-CHj: HJGS—CEC‘@:\/LT
eigenvalue: £(J) =BJ* (J=0, 1, +2,..), degeneracy: g(J) =1 (2.2.3)
J=|>e@)=BJ? (I'=0,1,2,..), g()=2[butg(0)=1] (2.2.4)
dJ’ 1
density of states: p'? 90y )— g? 2.2.5
y P )= TRt (225)
[2-D Rotator] /&%\
e.g. linear molecules [N, CO,, etc.]:
eigenvalue: ¢(J)=BJJ+1) (J=0,1,2,..), degeneracy:g(J)=2]+1 (2.2.6)
density of states: p%”(g)= g)dr_ 1 (2.2.7)
o de oB
[3-D Rotator]
e.g. non-linear molecules
a) Spherical top ... Ia = Ig = Ic [CH4, SFg]:
eigenvalue: £(J)=BJJ+1) (J=0,1,2,..), degeneracy: g(J) = (2J + 1)? (2.2.8)
1/2
density of states: o (g)= gg )g‘i 0823,2 (5+ ij ~ﬁg“2 (2.2.9)
b) Symmetric top ... Ia = lg # Ic or 1a # Ig = Ic [NH3, CH3]: (approximation)
Asymmetric top ... Ia # Ig # Ic (H2,CO, HCO): (approximation)
density of states: p&” (&)~ —5 £, Bay = (ABC)™® (2.2.10)

av

[Summary]
n, = rotational degree of freedom (dimension of rotation)
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nr_
P (g)~c Mgz ¢ = GFB(L‘,)Z (2.2.11)

2.3 Vibrational density of states
miq ms

[Vibrational motion] S

2
—kx= y% (ks : force constant, . reduced mass) (2.3.1) ki

(Harmonic oscillator approximation)
ks is constant (i.e., independent of deviation x)

Solution to the classical mechanics:
k
X=X Sin2zvt + @), v:2i — (v:frequency [s7])  (2.3.2)
z\ u

[One vibrator] 3
eigenvalue: ,(n)=(n+1)hv, &(n)=nhv (2.3.3) 2
1
density of states: p&% (s,)= dn_1 (2.3.4) & € v=0
de hv

[ny Vibrators]
Number of vibrators: n, = 3 Naem — 6 (NoN-linear molecule), ny = 3 Naom — 5 (linear molecule)

11 1 1

two vibrators: p$ ,(e,)= | ——de, =——¢
a1 01~ 43
three vibrators: p% (g, )= 1 1 de, L de, _11d igj
5 o hvihy, hv, 2hv, hv, hy,
. (9] 1 n1 (n) n-1
ny vibrators: p,'y (¢4) = — & =Ciad (2.3.5)

\

1"(nV )H hv,

i=1
note:

1) Density of states is crude approximation (fig. 2) for vibration since hv~ 200-3000 cm™.
2) ineq. 2.3.5, &, is the energy from the classical origin.

b
3) [(n)=(n-1), rt)=r)=1 o) :y(hvyl\
—
Problem-2.2 —— exact
J.pdg
approx. by

pley) = ()




